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ASSET ALLOCATION
CASE 1: BASIC OPTIMIZATION

MAX R = WS]%S+WB jéB+wC jéc
Ws>Wp>We

Subject to:

WHERE :
RP = The Expected Gross Return on the Portfolio

I,és , jéa , RC = The Expected Returns for the Stock, Bond, and Cash Asset Classes
Ws> Wa> W, = The portfolio weights for the Stock, Bond, and Cash Asset Classes

é’i = Ws2 Var(]’és)+ W32 Var(RB)+ Wc2 Var(iéc)+

2Ws W Cov(Rs,RB)+ 2Ws WCCOV(Rs’Rc)+ 2 W WCCov(RB,RC)
= The Expected Variance of the Portfolio

—2

O » = The Maximum Portfolio Variance to be Tolerated
LEVR = The leverage factor of the portfolio (100% = unleveraged, more = leverage)




ASSET ALLOCATION

CASE 2: BASIC OPTIMIZATION
with Hard Constraints

MAX ﬁ =WSﬁS+WBéB+WCﬁC
WS’WB’WC
Subject to:

W SSTK+,WS > STK ™
W < BND+,WB > BND~
We < CSH+,WC >CSH"™

WSﬁS+WBﬂB+WCﬂCSﬂ*

WS+WB+WCSLEVR
Wss Wg We 20

WHERE -
]%P = The Expected Gross Return on the Portfolio

R\ o 1%3 , ]’éc = The Expected Returns for the Stock, Bond, and Cash Asset Classes

Ws> Wy W, = The portfolio weights for the Stock, Bond, and Cash Asset Classes
A2 2 A 2 A 2 A
O»=Ws Var(RS)+ W Va”(RB)+ We Var(Rc)+
2 WsWsg COV(RS ’RB)+ 2 WsWe COV(_RS ’Rc)+ 2 WeWc COV(RB ’Rc)
= The Expected Variance of the Portfolio
Vol 12) = The Maximum Portfolio Variance to be Tolerated
B, = A Factor associated with holding one unit of Stocks, Bonds, or Cash
STK*,STK™ = Upper and lower Bounds for Stock Holdings
BND*,BND" = Upper and lower Bounds for Bond Holdings

CSH',CSH™ = Upper and lower Bounds for Cash Holdings
LEVR = The leverage Factor of the Portfolio (100% = no leverage, over 100% = lever%ge




ASSET ALLOCATION
CASE 3: TURNOVER-SENSITIVE OPTIMIZATION

MAX Ve~ Ws RaITWs R, " We R,

_IWS_WS Ts Ws™ Wsp 'TB_‘WC_WC ‘Tc
Ws>Wp>We
Subject to:
A2 2
O-PSO-P
WS+WB+WCSLEVR
|Ws ~ Wy +}WB ~ W T We ™ We < Turnover’
WS’WB’WCZO
WHERE :

7 » = The Expected Net Return on the Portfolio
jés , jéB, jéc = The Expected Returns for the Stock, Bond, and Cash Asset Classes
WerWas We = The portfolio weights for the Stock, Bond, and Cash Asset Classes
ToTwTe= The Transaction Cost for Changing a Stock, Bond, or Cash Position

W; , W; , W; = The Starting Portfolio Weights for the Stock, Bond, and Cash Asset Classes
A2 2 ~ 2 A 2 A
Or=Ws Va’(RS)+ Ws Va’(RB)+ We Va"(RC)+

ZWsWs COV(Rs’ RB)+ ZWsWe COV(Rs’ Rc)+ 2WsWe COV(RB’ Rc)
= The Expected Variance of the Portfolio

Vol i = The Maximum Portfolio Variance to be Tolerated

LEVR = The leverage factor of the portfolio (100% = unleveraged, more = leverage)

Turnover. = The Maximum Portfolio Turnover to be Tolerated




ASSET ALLOCATION
CASE 4: BENCHMARK RELATIVE OPTIMIZATION

MAX OACP = (Ws B Ws)]’és + (WB a WB)]%B N (WC B Wc)jéc
Ws> W We

Subject to:

IWS - WS' < S:ilt’ ’WB - WBI < B:ilt’ IWC - Wc‘ < C:ilt
Ws> Wy We 20

WHERE :
&p = jé,, - ILQP = Expected Portfolio Value Added over the Benchmark

WeoWpWe= The Benchmark Weights for the Stock, Bond, and Cash Asset Classes
S:m , B:m , C:m = The Maximum Tilts to be Tolerated in the Stock, Bond, and Cash Asset Classes
6';15 = (Ws - Ws)2 Var(ﬁs)-'_ (WB - WB)Z Var(]%g)"' (Wc - Wc)z Var(]%c)
+ 2(Ws - WSXWB - ngov(ﬁs > jég)'f' 2(Ws - stwc - chov(ks ’ R\C)

+ Z(WB - WBXWC - WC)COV(RB ’ Rc)
= The Expected Tracking Error of the Portfolio to the Benchmark

ol ;E = The Maximum Tracking Error of the Portfolio to the Benchmark to be Tolerated




ASSET ALLOCATION

CASE 5: BENCHMARK RELATIVE & TURNOVER
SENSITIVE OPTIMIZATION

A la)

MAX 0?;» - (WS B WS)kS + (WB B WB)RB N (WC B WC)RC

wowewe i wize e wil - lwe iz
Subject to:
A2 )
GTE = O
(WS B WS)+( B 1_4/—3)+ (WC - WC)S 0
‘Ws -W; +‘WB_W; +|WC—WZ < Turnover’

*

|WS - —M_;S' < S:ilt ’ ‘WB - _M—}B’ < B:ilt’ |WC - Wcl = Ctilt
Wss Wp> W20

WHERE :
&, R, EP = Expected Portfolio Value Added over the Benchmark

WeWpWe= The Benchmark Weights for the Stock, Bond, and Cash Asset Classes
S:m , B:m , C:m = The Maximum Tilts to be Tolerated in the Stock, Bond, and Cash Asset Classes
OA';E = (Ws - Ws)z Var(jég)'i' (WB - WB)Z Var(]%g)-l- (Wc - Wc)z Var(jéc)
+ 2w, - Wb, -, o R, R, 2w - W dwe-wo e, )

+ 2(W3 - WBXWC - WC)COV(RB ’ Rc)
= The Expected Tracking Error of the Portfolio to the Benchmark
ol ;E = The Maximum Tracking Error of the Portfolio to the Benchmark to be Tolerated
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ASSET ALLOCATION
CASE 1: BASIC OPTIMIZATION

NUMERICAL EXAMPLE

PROBLEM: Find the optimal allocation to stocks, bonds, and cash given the following
expected returns and monthly return covariance matrix. The expected annualized
volatility of the portfolio should not exceed 10%. No leverage is permitted.

Asset Forecasts
Asset Expected
Class Returns
Stocks 1.6995
Bonds 0.3939
Cash 0.4026
RETURN COVARIANCE MATRIX
(calculated based on monthly returns from Jan 95 to Dec 99)
Stocks Bonds Cash
Stocks 15.598 1.121 -0.004
Bonds 1.121 1.451 0.011
Cash -0.004 0.011 0.001

ANSWER: A 10% annual volatility is a 100% annual variance. A 100% annual
variance is a 100%/12 = 8.33333% monthly variance. The objective function is:
MAX Rp=1.6995Ws + 0.3939W5 + 0.4026W ¢

subject to a monthly variance not to exceed 8.3333% and Wg, Wp, and W¢ all non-
negative. The optimal solution is:

Ws =72.3% Wz =0.0% Wce=27.7%

With a monthly return of 1.3399% and a monthly variance of 8.3333%.




ASSET ALLOCATION
CASE 2: BASIC OPTIMIZATION With Hard Constraints

NUMERICAL EXAMPLE

PROBLEM: Find the optimal allocation to stocks, bonds, and cash given the following
expected returns and monthly return covariance matrix. The expected annualized
volatility of the portfolio should not exceed 10%. Stocks cannot exceed 65% of the
portfolio. The portfolio needs to generate an annual income yield of 3%. No leverage.

Asset Forecasts
Asset Expected income
Class Returns Yield
Stocks 1.6995 0.1652
Bonds 0.3939 0.4868
Cash 0.4026 0.0000

RETURN COVARIANCE MATRIX
(calculated based on monthly returns from Jan 95 to Dec 99)

Stocks Bonds Cash
Stocks 15.598 1.121 -0.004
Bonds 1.121 1.451 0.011
Cash -0.004 0.011 0.001

ANSWER: A 3% annualized income yield is a 0.2466% monthly income yield. The
optimization formulation is:

MAX Rp=1.6995W5s + 0.3939W3 + 0.4026W¢

subject to
Variance < 8.3333%
Ws < 65%
0.1652Ws + 0.4868Wpg + 0.0000W¢ > 0.2466%
Ws,Wg,Wc>0
The optimal solution is:
Ws = 65.0% Wg =28.6% Wce =6.4%

With a monthly return of 1.243%, a monthly variance of 8.3333% and a monthly income
yield of 0.2466%.




ASSET ALLOCATION
CASE 3: TURNOVER SENSITIVE OPTIMIZATION

NUMERICAL EXAMPLE

PROBLEM: Find the optimal allocation to stocks, bonds, and cash given the following
expected returns and monthly return covariance matrix. The expected annualized
volatility of the portfolio should not exceed 10%. Your current allocation is 60% stocks,
25% bonds, 15% cash. Annualized turnover less than 200%. No leverage is permitted.

Asset Return and Cost Forecasts
Asset Expected Turnover
Class Returns Costs
Stocks 1.6995 0.2000
Bonds 0.3939 0.1000
Cash 0.4026 0.5000
RETURN COVARIANCE MATRIX
(calculated based on monthly returns from Jan 95 to Dec 99)
Stocks Bonds Cash
Stocks 15.598 1.121 -0.004
Bonds 1.121 1.451 0.011
Cash -0.004 0.011 0.001

ANSWER: The optimization formulation is:

MAX Rp = 1.6995Ws + 0.3939W5 + 0.4026 W
- 0.20x|Ws —0.65] - 0.10x[W5 —0.25| - 0.05x|Wc —0.15]

subject to:
Variance < 8.3333%
[Ws —0.65| - 0.10x|Wpg —0.25] - 0.05x|W¢ —0.15| < (200%/12)
Ws+ W+ W <100%
Ws,Wp,Wc>0
The optimal solution is:
Ws =68.3% W;g =25.0% We=6.7%

With a monthly gréss return of 1.287%, a monthly net return of 1.266%, an annualized
volatility of 9.75%, and a monthly turnover of 17% (200% annualized).




ASSET ALLOCATION
CASE 4: BENCHMARK RELATIVE OPTIMIZATION

NUMERICAL EXAMPLE

PROBLEM: Find the optimal allocation to stocks, bonds, and cash given the following
expected returns and monthly return covariance matrix. Your benchmark is 60% stocks,
40% bonds. The expected annualized tracking error should not exceed 2%. No leverage
should be used. Stocks can deviate up to 10% from benchmark, while bonds and cash
can deviate up to 25% from benchmark.

Asset Forecasts
Asset Expected
Class Returns
Stocks 1.6995
Bonds 0.3939
Cash 0.4026
RETURN COVARIANCE MATRIX
(calculated based on monthly returns from Jan 95 to Dec 99)
Stocks Bonds Cash
Stocks 15.598 1.121 -0.004
Bonds 1.121 1.451 0.011
Cash -0.004 0.011 0.001

ANSWER: A 2% annual tracking error is a 4% annual tracking variance. A 4% annual
tracking variance is a 4%/12 = 0.3333% monthly tracking variance. The objective fn is:

MAX op = 1.6995(Ws —0.60) + 0.3939(Wg —0.40) + 0.4026(Wc-0.00)

Subject to:
Tracking Variance < 0.3333%
Ws + W + W <100%
|[Ws —0.60| <10%, [|Wp—0.40|<25%, |Wc-0.00|<25%,
Ws,Wg,Wce >0

The optimal solution is:

Ws =70.0% Wi =15.0% Wce=15.0%

With a monthly portfolio expected return of 1.309% (0.132% over the expected
benchmark return of 1.177%), an annualized tracking error of 1.52%, and a total expected
portfolio volatility of 2.81% per month (9.74% per annum).
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