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OPTION FORMULAS

Definition of Variables Used in the
Black-Scholes (1973) Option Formula

Theoretical Call Option Price

Theoretical Put Option Price

Underlying Asset Spot Price

X ;| ol O
I

Exercise (Strike) Price

o= Volatility of the Underlying Asset’s Returns, Annualized

T= Time to Expiration, as a fraction of a year

o= Risk-Free Domestic Interest Rate, Annualized

N(x) = Cumulative Normal Probability Distribution evaluated at x

N"(x) = Normal Probability Density Function evaluated at x

Intermediate Formulas (d; and d,) for the
The Black-Scholes (1973) Option Pricing Model

s 1 _2
d. — In(?)"" hht+5;07 In(%)—l— T —50°7T
1 h— p—

oz d iy

N'(dy)=N ’(dZ)()S() e o? N’(d,)= N '(dl)(ijeror

X

N"(d.)=-d N'(d,) i=12

Option Pricing Formula for the
Black-Scholes (1973) Option Pricing Model

Continuously priced cash-settled security, no dividend

C=SN(d,)-e ™ XN(d,)

P—SIN(,)-1}-e X IN(,)-1)
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OPTION FORMULAS

Black-Scholes (1973) Option Pricing Model
Journal Citation

Black, Fischer and Scholes, Myron. (May-June 1973). “The Pricing of Options
and Corporate Liabilities”. Journal of Political Economy 81 (3): 637-654.

Black-Scholes (1973) Model
Useful Intermediate Derivatives

od, 1 od, 1
S So+r S  So+r

o | m o
8d1__d2 8d2__$
oo o oo o

od, _ rp d, jad, _ rp dy
ot o\t 2t | 0t o\r 2t
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OPTION FORMULAS

First Derivatives of the

Black-Scholes (1973) Option Pricing Model

Derivative with Respect to: Call Options Put Options
oP
The Underlying Asset Price (S) g = N (dl) —=N (dl)_ 1
oS oS
L . . oC —IpT @:_ “7IN(d,)=1
The Option’s Strike Price (X) a—x =— D0'N (d2) ox € { ( 2) }
The Annualized Domestic g = —7X % oP =—7X a_P
Risk Free Rate Of Return (rp) 6rD OoX arD OX
The Annualized Instantaneous 8C ' 8P ’
Return Volatility of the Asset (o) % =3 \/;N (dl) % =3 \/;N (dl)
oC_odC o |oP_odP Inp P

The Option’s Time to Expiry (1)

ot 2t 0o 78rD ot 2rdc T Orp
Second Own Derivatives of the
Black-Scholes (1973) Option Pricing Model
Derivative with Respect to: Call Options Put Options
2 ' 2 '
The Underlying Asset Price (S) a C — N (dl) a P = N (dl)
0S2  So+r 52 Sor
_ o 0°C —-S) o°C 0P —-S) o°P
The Option’s Strike Price (X) X > = X ) 25X 8)(2 = ETY
2
The Annualized Domestic aZC — _ aZC GZP —_— 0P
Risk Free Rate Of Return (rp) arDZ axarD ﬁrDZ 5X8FD
2 2
The Annualized Instantaneous 0°C . oC d]_d2 0P _ oP d1d2
Return Volatility of the Asset (o) 8 2 6(7 o 80'2 - 0o o
o)
The Option’s Time to Expiry (t) Zzﬁ =;{T ;{;CT —22}— o % ZZTF; = ZC;Z {T ;;; —SZ}— o X %
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OPTION FORMULAS

Second Cross Derivatives of the
Black-Scholes (1973) Option Pricing Model

Derivative with Respect to: Call Options Put Options
2
Asset Price (S) and 82C _ N ’(dl) 8 P _ N ,(dl)
Strike Price (X) asax XO-\/; —886)( —XO-\/;
Asset Price (S) and 62(: _ N ’(dl)\/; o°P — N,(dl)\/;
Domestic Risk Free Rate (rp) asarD - o asory, o

Asset Price (S) and 82C . N ’(dl)dz 52 P _ N '(dl )d2

Annualized Return Volatility (o) 0Soo - o % = _T

Asset Price (S) and
Time to Expiry (1)

0°C r,
Y Ny o2
050t ( 1{0\5 2r]

o°P r, d
=N'(d,) —2=-=2
oSot ( 1)[0\5 27}

Strike Price (X) and
Domestic Risk Free Rate (rp)

0°C 0°C oC
=—7 X—5+—
oXorp oX?  oX

o%p o°P oP
i
oXorp ox2 oX

Strike Price (X) and

2 2
C _ gy 7 2T

2 2
P _ gy J7 OP

Annualized Return Volatility (o) oXoo - 0SOX oXoo - 0SEX
9?C o o°C o’°P o %P
Strike Price (X) and oXort 27 OXoo oXor 2t OXoo
the Option’s Time to Expiry (1) N 1S o2C N 1y O’P
T OXorg T OXOorg
2 2 2 2
Domestic Risk Free Rate (rp) and 0°C — X 0°C 0P — X 0P
Annualized Return Volatility (o) or-ooc - Xoo or-do - Xoo
D D
Domestic Risk Free Rate (rp) and 0°C - _x|7 0°C _I_@ o°P - X7 0°P _l_ﬁ
The Option’s Time to Expiry (1) o0t oXor oX or,0r oXor X
o°C zl{ac+azc} o°P zl{amazp}
Annualized Return Volatility (o) and dodr 2| 0o do’ dodr 2r|0c do’
The Option’s Time to Expiry (1) 0%C 2P
i ory0o " or,0oc
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OPTION FORMULAS

Definition of Variables Used in the
Black (1976) Option Formula

= Theoretical Call Option Price
= Theoretical Put Option Price
= Underlying Asset Forward/Future Price
X= Exercise (Strike) Price
o= Volatility of the Underlying Asset’s Returns, Annualized
T= Time to Expiration, as a fraction of a year
Ip = Risk-Free Domestic Interest Rate, Annualized
N(x) = Cumulative Normal Probability Distribution evaluated at x
N"(x) = Normal Probability Density Function evaluated at x
Intermediate Formulas (d; and d,) for the
Black (1976) Option Pricing Model
In (F)+ 1o62r In (F)— 152
dl __ X/ 2 d2 ___ X’ 2
ot ONT
NN ] NN
F X
N"(d,)=-d,N(d,) i=12

Option Pricing Formula for the
Black (1976) Option Pricing Model

Continuously priced forward-settled security, no dividend

C= e_rDT(FN (dl)— XN (dz))

P =e ™ (F{N(d,)-1}- X{N(d,)-1})
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OPTION FORMULAS

Black (1976) Option Pricing Model
Journal Citation

Black, Fischer. (March 1976). “The Pricing of Commodity Contracts”,

Journal of Financial Economics 3: 167-179.

Useful Intermediate Derivatives for the
Black (1976) Option Pricing Model
od, 1 ad, 1
OF Fovr OF  Fovr
od, _ 1 od, 1
X  Xovr X  Xovr
o, __d, o, __d
oo o oo o
od, B d, od, d,
or 2T or 27
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OPTION FORMULAS

First Derivatives of the

Black (1976) Option Pricing Model

Derivative with Respect to: Call Options Put Options
The Underlying Futures oC P 1Y 4 oP P 1Y 2
Contract Price (F) —=¢ "N (dl) 8_F =e P {N (dl)_l}
oP —fer
The Option’s Strike Price (X) 2;: =—e ™'N (d2) X =—e °"{N(d,)-1}
The Annualized Domestic oC = —C oP =
Risk Free Rate Of Return (rp) or, or
D D
The Annualized Instantaneous oC _raTpT ' oP I Pl 1374 '
Return Volatility of the Asset (o) % =Fe® \/?N (dl) % =Fe " \/;N (dl)
) oC 06C+rD6C oP 06P+rD oP
The Option’s Time to Expi =— — st
e Option’s Time to Expiry () ot 2rdo 1 OIp ot 2tdoc 1 Orp
Second Own Derivatives of the
Black (1976) Option Pricing Model
Derivative with Respect to: Call Options Put Options

The Underlying Futures

8°C e ™"N'(d,)

o°P e ™"N’(d,)

Contract Price (F) oF 2 FG\/; oF 2 FG\/;
' o o’C e ™ N'(d,) o’°P e ™ N'(d,)
The Option’s Strike Price (X) 7 = 7 =
X Xor X XoT
2 2
The Annualized Domestic 0°C —_— oC 0°P —_— oP
Risk Free Rate Of Return (rp) or 2 6rD or 2 6rD
D D
2 2
The Annualized Instantaneous a C . aC d1d2 8 P . aP dld2
Return Volatility of the Asset (o) 2 2
oot 0o O oo° 0o O
o’C _ a[r a°c ac} ’P _ o [T %P _ap}
The Option’s Time to Expiry (t) ot aCZT do0r 0o or aPZT oo0r 0o
L) E —Ip E
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OPTION FORMULAS

Second Cross Derivatives of the
Black (1976) Option Pricing Model

Derivative with Respect to: Call Options Put Options
Future Price (F) and °C e ™N (d,) 9°P __e ™' N'(d,)
Strike Price (X) OFOX o XO'\/; OoFoX Xor
2 2
Future Price (F) and 0°C _ —T@ o°P — —T@
Domestic Risk Free Rate (rp) aFarD OF aFaI’D OF
Future Price (F) and o°C . N’(d, )d, o%P rr N’(d; )d,
Annualized Return Volatility (o) OFdo =—€ . OFdo =—€ .
Future Price (F) and 0°C _(0') 0°C . cC P _(a) 0P _, oP
Time to Expiry (1) oFor \2c)oFoc  ° oF oFor \2r)oFoc  °oF
2 2
Strike Price (X) and 0°C _ oC 0P — oP
. . = -7 — = —7 —
Domestic Risk Free Rate (rp) axarD OX OXor. OX
D
Strike Price (X) and GZC _ oC dl 82C _ oC dl
Annualized Return Volatility (o) Xoo - oo XU\E oXoo - oo XG\E
o0’C o o0°C o’P o O°P
Strike Price (X) and OXOrt 27 oXoo OXotT 27 OXoo
the Option’s Time to Expiry (1) rs o°C r, o’P
_|_ _ —_—
T OXor, T OXorg,
2 2
Domestic Risk Free Rate (rp) and 0°C — % o°P _ oP
Annualized Return Volatility (o) or-0o o oo or-oc o oo
D D

Domestic Risk Free Rate (rp) and
The Option’s Time to Expiry (7)

0°C [ oC }
=—7—+C
or,o0t ot

o°P { oP }
=—7—+P
or,or ot

Annualized Return Volatility (o) and

The Option’s Time to Expiry (7)

2°C  14C
=——|d,d, +1-2r,
oo0r  2r 80'[ 12 o]

o°P 1 oP
=——|d,d, +1-2r,
oodr  2r 60'[ 12 o]
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Merton (1973)
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OPTION FORMULAS

Definition of Variables Used in the
Merton (1973) Option Formula

= Theoretical Call Option Price

= Theoretical Put Option Price

= Underlying Asset Spot Price

= Exercise (Strike) Price

o= Risk-Free Domestic Interest Rate, Annualized
c= Volatility of the Underlying Asset’s Returns, Annualized
= Dividend Yield of the Underlying Asset
T= Time to Expiration, as a fraction of a year
N(x) = Cumulative Normal Probability Distribution evaluated at x
N(x) = Normal Probability Density Function evaluated at x

Intermediate Formulas (d; and d,) for the
Merton (1973) Option Pricing Model

n(3)+ (o —a+50%) )+ —a—30%)
d, = d, =

ot ot

X\ _~(rp-a) , , S o —0)r
NN X e | NE)-N@) 5 e

N"(d,)=—d,N'(d,) i=12

Option Pricing Formula for the
Merton (1973) Option Pricing Model

Continuously priced cash settled security, continuous dividend yield

C=e%SN(d,)-e ™ XN(d,)

P =eS{N(d,)-1}-e > X{N(d,)-1}
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OPTION FORMULAS

Merton (1973) Option Pricing Model
Journal Citation

Merton, Robert C. (Spring 1973). “Theory of Rational Option Pricing”,

Bell Journal of Economics and Management Science 4 (1): 141-183.

Useful Intermediate Derivatives for the
Merton (1973) Option Pricing Model
od, 1 od, 1
S  Sor S  Sor
od, 1 od, 1
oX Xot oX Xot
ad, _Vr o, _Vr
o, o o, o
o _ 4 | A, d
oo o oo o
o, _ e o, _ Ve
oq o aq )
6d1 :(rD_Q)_dz 8dz :(rD_q)_dl
ot ot 2t | or ot 2t
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OPTION FORMULAS

First Derivatives of the

Merton (1973) Option Pricing Model

Derivative with Respect to: Call Options Put Options
The Underlying Asset Price (S) @ = e‘qf N (d ) @ =e " {N (dl)_l}
S 1 oS
P ot
The Option’s Strike Price (X) 2;(: =—e ©'N (dz) SX =—e {N (dz)—l}
The Annualized Domestic @ - X @ @ =X @
Risk Free Rate Of Return (rp) orp oX orp oX

The Annualized Instantaneous
Return Volatility of the Asset (o)

L s ze 9 N(d,)

oo

P s e 9 N(d,)

oo

The Annualized Dividend Yield % _ —ST@ @ _ —ST@
Of the Underlying Asset (q) aq oS aq 0S
he Obtion's T . € _od g€ pr P _oP qoP h P
The Option’s Time to Expiry (t) 0t 2r0c 109 1 O 0t 2r0c t70q 1t Ory
Second Own Derivatives of the
Merton (1973) Option Pricing Model
Derivative with Respect to: Call Options Put Options
2C e U\ 0°P e ¥"N'(d
The Underlying Asset Price (S) o°C = e ' N (dl) 5 = ( 1)
052 Sovr 6s?  Sovr
2 It 2 —Ip?
C e ™N'd P e™N'd
The Option’s Strike Price (X) 0 = ( 2) 0 > = ( 2)
X Xot X Xor
2 2
The Annualized Domestic aZC 7 aZC 0P -7 o°P
Risk Free Rate Of Return (rp) arDZ o 5X5FD 8FD2 8X8rD
The Annualized Instantaneous | 9°C _oC dqd, %P _aj dyd,
Return Volatility of the Asset (o) 052 _£ o 0o’ 00 o
2 2
The Annualized Dividend Yield 0°C Y 0°C o°P _ _Sr o°P
Of the Underlying Asset (q) an a 850q an - 050q
0°C_ o | _o°C aC 0°P_ o | P P
- _ or?  2¢?| Oodr do o2  272| dodr do
The Option’s Time to Expiry (t)
d%C d’C d°P d?P
+Sq —Ip +Sq —Ip
0Sot OXot 0Sot OXot
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OPTION FORMULAS

Second Cross Derivatives of the
Merton (1973) Option Pricing Model

qo°C W o°C

Derivative with Respect to: Call Options Put Options
Asset Price (S) and 0°C _ e 9'N'(dy) o°P _ e ¥'N'(dy)
Strike Price (X) aSoX Xoz ASOX Xt
Asset Price (S) and o’C _ X o°C o%P _ o°P
Domestic Risk Free Rate (rp) osor, 0SOX osor, 0SOX
Asset Price (S) and o%C T N'(d; )d, o°P e N'(d,)d,
Annualized Return Volatility (o) 0S0o c 0S0c o
Asset Price (S) and oc __fgo%c oc a%p =_{3327P+‘1P}
Annualized Dividend Yield (q) aSoq os2 oS 809 85?2 @S
Asset Price (S) and °C o 0°C

2 2 2 2
P _o &'p qOP 1, &P

= + -
Time to Expiry (1) 0S0t 2t 0S0c 7 0S0q T OSor, 050t 2t 0800 v 0S0q T OSOry
Strike Price (X) and o°C ., X627C+@ %P _x P oP
Domestic Risk Free Rate (rp) oXorp oX?  oX oXarp ox2  oX

Strike Price (X) and
Annualized Return Volatility (o)

&’C e ™' N'(d,)d,
oXoo o

o°P e ™'N'(d,)d,

Annualized Dividend Yield (q)

oroq | axoq

oXoo o
Strike Price (X) and °C _ e™N (d, N7 P e ™ N'(d, Nz
Annualized Dividend Yield (q) oxeq o oXoq o
Strike Price (X) and 0°C _ o 0°C L4 0°C o o°C P _o O'p | o’P +ho o°P
the Option’s Time to Expiry (t) OX0t 2t OXdo T OXoq T OXorg X0t 2t OXdo T OXoq T OXor,
Domestic Risk Free Rate (rp) and o°C _ X o’C o°P — X o°P
Annualized Return Volatility (o) or,0o oXoo or,0oc OXoo
Domestic Risk Free Rate (rp) and ’C y o’C P X o°P

oroq | oxeq

Domestic Risk Free Rate (rp) and

2 2
o°c —x( o°C +acj

3 . ac %P ——X[‘r o°P_, P
The Option’s Time to Expiry (t) or,ot oXor oX or,0t oXor  oX
Annualized Return Volatility (o) o°C _ s, o’C %P _ s, o°P

and Annualized Dividend Yield (q) oooq 0Soo ootq 0Soc

0°C _ 1] _@o°C aC| 1, o°C 0P _ 1| 0P oP| 1, O°P
Annualized Return Volatility (o) 0ot 2r| 0c® Oo| 7t Oryoo dodr 2r| 0c® do| 1 orydoc
and Option Time to Expiry (1) L4a 8°C .4 %P
7 0o0q 7 0o0q
o’c _1 qa;ch% L 0°C P 1 q62P+6P L O°P
Annualized Dividend Yield (q) and agér t| 8q® 89| 7 arydq dgdr 7| 89® 6q| r aryéq
Option’s Time to Expiry (t) o 0°C o O°P
27 dooq 27 dooq
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Garman-Kohlhagen (1983)
Option Model
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OPTION FORMULAS

Definition of Variables Used in the
Garman-Kohlhagen (1983) Option Formula

C= Theoretical Call Option Price

P= Theoretical Put Option Price

S= Underlying Spot Forex Rate

X= Exercise (Strike) Price

o= Volatility of the Underlying Asset’s Returns, Annualized

T= Time to Expiration, as a fraction of a year

Ip = Risk-Free Domestic Interest Rate, Annualized

Ie= Risk-Free Foreign Interest Rate, Annualized
N(x) = Cumulative Normal Probability Distribution evaluated at x
N(x) = Normal Probability Density Function evaluated at x

Intermediate Formulas (d; and d,) for the
Garman-Kohlhagen (1983) Option Pricing Model

’ _In(§)+(rD—rF+§az)z d _In(§)+(rD—rF—;az)f
b ot 2 ot
V)N Je T | NE)-NE) 5 e
N"(d,)=—d,N'(d,) i=12

Option Pricing Formula for the
Garman-Kohlhagen (1983) Option Pricing Model)

Continuously Priced Spot-Traded Foreign Exchange

C=e "SN(d,)—e ™ XN(d,)

P=e"S{N(d,)-1}—-e ™ X{N(d,)-1}
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OPTION FORMULAS

Garman-Kohlhagen (1983) Option Pricing Model

Journal Citation

Garman, Mark B. and Kohlhagen, Steven W. (December 1983).

“Foreign Currency Option Values”, Bell Journal of International Money

and Finance 2: 231-237.

Useful Intermediate Derivatives for the

Garman-Kohlhagen (1983) Option Pricing Model

ad, 1 ad, 1
S Sor S Sor
ad, 1 od, 1
X  Xor X  Xovr
od, Vo ad, _r
o, © o, o
od, _ Wt ad2 _ \/;
or. o or: o
o, d, o, __d,
oo o oo o

adl _ (rD _rF) dz

or

O'\/; 2t

5d2 (rD _rF) dl

or ot 2T
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OPTION FORMULAS

First Derivatives of the

Garman-Kohlhagen (1983) Option Pricing Model

Derivative with Respect to: Call Options Put Options
The Underlying Spot Foreign @ et oP o TeT B
Exchange Rate (S) oS € N (dl) € {N(dl) 1}
The Option’s Strike Price (X —=— °'N( —=—e P"{N(d,)-1
p (X) X (d2) X {N(d;)-1}
The Annualized Domestic @ - X @ P = — op
Risk Free Rate Of Return (rp) orp oX orp oX
The Annualized Instantaneous oC —reT P o-rer
Return Volatility of the Asset (o) % =Se V7N (dl) % =Se JeN (dl)
The Annualized Foreign oC —_ T& E — —ST@
Risk Free Rate of Return (r¢) Org oS ol (= 0S
XL _oL o € P _o P o P
P , ot 2r00 ' 08 or 2rd0 'S
The Option’s Time to Expiry (1) +LD§ N rg@
2 al’D T 8I’D
Second Own Derivatives of the
Garman-Kohlhagen (1983) Option Pricing Model
Derivative with Respect to: Call Options Put Options
The Underlying Spot Foreign o%C _ e F'N'(d;) 0P _ e "FTN'(dy)
Exchange Rate (S) 852 o So+/r 052 Sor
2 —IpT 2 —IpT
The Option’s Strike Price (X) 0 C; = € N(dZ) op = € N(dZ)
oX XoT X 2 Xot
The Annualized Domestic 0%C - 0%C 822 =X o°P
Risk Free Rate Of Return (rp) 5I’D2 oXorp orp O0Xorp
The Annualized Instantaneous 82C _ oC dldz 82P _ oP d1d2
Return Volatility of the Asset (o) 602 T 0o o 052 - % o
2 2 2 2
The Annualized Foreign 0°C - _S¢ o°C 0P R o°P
Risk Free Rate of Return (r) 8I'|:2 OSore arFZ 0SOrg
°C o | o°C oC P o | o*P P
82'2 B 2'[2 ‘[8(781'_% 62'2 B 272 T@o‘@r_g
The Option’s Time to Expiry (1)
o%C d°C d°P d°P
+ Srg —Ip + Srg —Ip
0SOt OXOt 0SOt OXOt
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OPTION FORMULAS

Second Cross Derivatives of the
Garman-Kohlhagen (1983) Option Pricing Model

Derivative with Respect to: Call Options Put Options
Spot FX Rate (S) and 0°C _ e FTN'(dy) o°P _ e "'N'(dy)
Strike Price (X) 0SOX Xo/7T dSoX Xo~t
Spot FX Rate (S) and o°C — X o°C o°P —_ o°P
Domestic Risk Free Rate (rp) oSor, 0SOoX oSory, 0SOX
Spot FX Rate (S) and o°C et N’(d; )d, o%C _ et N'(d;)d,
Annualized Return Volatility (o) oSO o 8Soc o
Spot FX Rate (S) and d°C — 862C+@ %P S 562P+@
Foreign Risk Free Rate (rf) 0Sorg 852 oS OSorg 852 oS
Spot FX Rate (S) and 0’C _ o 0°C LT 0°C o o°C P o *p 1 O°P T o°P
Time to Expiry (t) 080t 2t 0S0o  t 0Sory T dSor, 050t 27 8S0c  t dSor.  r OSor,
Strike Price (X) and o’C _ ., d%C L c o%P _ | o P
Domestic Risk Free Rate (rp) OXorp ox2 oX oXerp ox2 oX
Strike Price (X) and &°C e ™ N'(d,)d, P e ™' N'(d,)d,
Annualized Return Volatility (o) Xoo o Xoo o
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and Foreign Risk Free Rate (rg) Ooor: 0Soo door, 8Soc
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